In this article we develop a new primal dual variational formulation suitable for a large class of non-convex problems in the calculus of variations.
Introduction
In this work we develop a primal dual variational formulation for non-convex problems in the calculus of variations which, in some sense, generalizes, extends and complements the original Telega, Bielski and their co-workers results in the articles [2, 3, 6, 8] .
The convex analysis results here used may be found in [5, 9, 7, 4] , for example. Similar results for other problems may be found in [4] .
Finally, details on the function spaces addressed may be found in [1] . At this point we start to describe the primal formulation.
Let Ω ⊂ R 3 be an open, bounded and connected set with a regular (Lipschitzian) boundary denoted by ∂Ω.
Consider the functional J : V → R where
where
Here
Moreover, we recall that V is a Banach space with the norm · V , where
and generically we denote
Also,
and
At this point, we denote,
The extremal equation,
gives the following system. Specifically from
Hence, definingû
From
we get
Finally, from
Replacing (10), (11) and (12) into (9), we obtain
The main duality principle
With such statements, definitions and results in mind we prove the following theorem.
Theorem 2.1. Considering the context of the last section statements, definitions and results, let J : V → R be defined by
Here f ∈ C(Ω). LetĴ ε : V → R be defined bŷ
Assume u 0 ∈ V is such that δJ(u 0 ) = 0, and
Under such hypotheses, δĴ ε (u 0 ) = 0,
and for ε > 0 sufficiently small,
so that there exist r, r 1 > 0 such that
Proof. From δJ(u 0 ) = 0 we have
Thus definingû = u 0 we have
From such an expression forû we obtain
From this, sinceû = u 0 , we get
Also, we may define v * , z * such that
From such relations we obtain,
. From such results, we obtain
Finally, for ε > 0 sufficiently small,
From these last results, there exist r, r 1 > 0 such that
The proof is complete.
Conclusion
In this article we develop a primal dual variational formulation for a large class of problems in the calculus of variations.
We emphasize the dual functional obtained has a large domain region of concavity about a critical point, which makes such a formulation very interesting from a numerical analysis point of view.
Finally, it has been formally proven there is no duality gap between the primal and dual formulations in a local extremal context.
